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Calculations on the two-point function of the O(N) model
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The self-energy of the critical three-dimensional O(N) model is calculated. The analysis is performed in the
context of the nonperturbative renormalization group by exploiting an approximation which takes into account
contributions of an infinite number of vertices. A very simple calculation yields the two-point function in the
whole range of momenta, from the UV Gaussian regime to the scaling one. Results are in good agreement with
best estimates in the literature for any value of N in all momenta regimes. This encourages the use of this
simple approximation procedure to calculate correlation functions at finite momenta in other physical

situations.
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I. INTRODUCTION

The O(N) scalar model describes many phenomena in a
wide range of physical situations. Besides the N=1 case,
which corresponds to Ising-like systems, with a wide range
of applications as, e.g., liquid-gas transition, the N=2 model
describes superfluid helium, N=3 can be used to study fer-
romagnets, N=4 allows the study of the Higgs sector of the
standard model at finite temperature, and the N=0 case de-
scribes the physics of some polymers.! As a natural conse-
quence, a huge amount of work has been devoted to the
study of this family of models. Leaving aside the d=2 case,
where specific methods exist, most of the existing results
correspond to thermodynamical properties, as critical expo-
nents or phase diagrams, i.e., physical quantities encoded in
correlators at small external momenta, e.g., the effective po-
tential. With this goal, very complicated techniques, such as
resummed perturbative calculations carried up to seventh
order,"? high-temperature expansions,>> or Monte Carlo
methods,*~® were used. When instead trying to get physical
quantities depending on finite momenta, such as the self-
energy of the model, fewer results can be found in the litera-
ture (see, for example, Ref. 9 and references therein). All
these calculations suffer from a common difficulty, which is
general to a vast class of problems: It is extremely nontrivial
to deal with systems having highly correlated components. In
this sense, as the O(N) model is simpler than most other such
problems, it has been largely used as a testing ground for the
development of calculation schemes in nonperturbative con-
texts.

The nonperturbative renormalization group!®'# (NPRG)
is a general framework conceived to deal with this kind of
situations. It is based in an infinite set of exact equations
giving all renormalized correlation functions between the
various components of a given system. Naturally, as one has
to deal with an infinite tower of coupled differential equa-
tions, in order to solve them, the use of approximations is
unavoidable. Several years ago, a systematic approximation
scheme was developed'#~'¢ which allows for the solution of
this set of equations in a particular case: The so-called de-
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rivative expansion (DE) is based in an expansion in the pow-
ers of the derivatives of the fields. Even if there is no formal
proof of its convergence, the DE has provided very competi-
tive results in problems where only small (eventually zero)
external momenta play a role. Among many other applica-
tions (see, e.g., Refs. 16—18), the approximation was applied
to the O(N) model,'®1°-23 even up to the next-next-to-leading
order of the scheme in the N=1 Ising case,” yielding at this
order critical exponents of a similar quality as those obtained
using seven-loop resummed perturbative calculations.

On the other hand, when trying to describe phenomena
involving all modes, the situation is different. For example,
to get the transition temperature of a dilute gas to a Bose-
Einstein condensate, one needs the self-energy of the O(2)
model in three-dimensions at arbitrary momenta;? relevant
information comes from the intermediate momentum region
between the IR and the UV ranges. Within the NPRG, only
calculations including a finite number of vertices*® had been
considered up to now, either in O(N) (Refs. 27-31) or in
more involved problems such as QCD.33

Recently, a general approximation scheme suitable to get
any n-point function at any finite momenta within the NPRG
has been proposed.* The strategy has many interesting simi-
larities with DE. First, it can be applied, in principle, to any
model. Second, although the approximation is not controlled
by a small parameter, it can be systematically improved. Fur-
thermore, this strategy reproduces both perturbative and DE
results, in their corresponding limits; for example, if solving
the two-point function flow equation at the leading order
(LO) of the procedure, the two-point function includes all
one-loop contributions while the effective potential includes
all two-loop ones. It is possible to apply, on top of the ap-
proximation presented in Ref. 34, an expansion in powers of
the field, as frequently done in DE; at least in the studied
case, this expansion seems to converge rapidly.>> Neverthe-
less, when considering only the first order of the expansion,
the correct result for a quantity such as the critical exponent
7 can be missed by as much as 60%. Thus, as an expansion
in powers of the field corresponds to an expansion in the
number of vertices,? the latter remark is a strong support to
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approximations, as that of Ref. 34, which simultaneously in-
clude an infinite number of vertices.

The LO of the procedure was used in Ref. 36 in order to
calculate the two-point function of the N=1 case. Following
a simple (and yet accurate) strategy, it was shown that,
within an analytical and numerical effort similar to that of
the DE, one gets a self-energy with the correct shape at all
momentum regimes. One gets the logarithmic UV behavior;
its precoefficient, which is in fact a two-loop quantity, fol-
lows with only 8% error. In the IR, critical exponents are
obtained with a quality similar to that of DE at next-to-
leading order (NLO). As for the intermediate crossover re-
gime, a quantity sensitive to this range of momenta was cal-
culated to get a result close to the error bars of both lattice
and resummed seven-loop calculations.

The purpose of this paper is to apply the method pre-
sented in Ref. 34, at its LO, to the O(N) model. In Ref. 34, it
was shown that the LO of the procedure is already exact in
the large N limit of the model. Moreover, in this limit, a
simple analytical solution of the n-point functions at finite
momenta was presented. Here, we shall implement the
method, at any value of N, in order to numerically solve the
approximate flow equations of the two-point function at criti-
cality and in d=3. We shall follow a simple strategy, similar
as that used in Ref. 36.

The paper is organized as follows. In the next section, we
shall present the general approximation procedure introduced
in Ref. 34 in the framework of a field theory with N boson
fields and, in particular, when the model has O(N) symmetry.
In Sec. III, we shall present two possible strategies to solve
the two-point function equations: the first one is simpler, but
it loses the above mentioned two-loop exactness of the ef-
fective potential, and in the second strategy, with a slight
increase in the numerical effort, the two-loop exactness is
recovered. In Sec. IV, we present our results, both in the
scaling sector and at large and intermediate momenta; in par-
ticular, we calculate some quantities to gauge the quality of
the two-point function thus obtained and compare our results
with those following from other means. Finally, in Sec. V, we
study analytically the large N behavior of our results, both at
leading and next-to-leading order in 1/N and compare them
with numerical results of the previous section, as well as
with exact results known in the literature.

II. APPROXIMATION SCHEME

In this section, we shall briefly present the general formal-
ism of the NPRG and describe the approximation scheme to
calculate n-point functions at finite momenta introduced in
Ref. 34. We shall make the presentation considering in the
first place a generic Euclidean field theory with N boson
fields ¢;, denoted collectively by ¢, with action S[¢]. Then,
we shall specialize to the case where S[¢] has an O(N) sym-
metry.

The NPRG equations relate the bare action to the full
effective action. This relation is obtained by controlling the
magnitude of long wavelength field fluctuations with the
help of an infrared cutoff, which is implemented'?-'437 by
adding to the bare action S[¢] a regulator of the form
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where (R,);;(q) denotes a family of “cutoff functions” de-
pending on a parameter «; above, a sum over repeated indi-
ces is understood. The role of AS, is to suppress the fluctua-
tions with momenta ¢ =k while leaving unaffected the
modes with ¢ = . Thus, typically, (R,);;(q) ~ «*8; when g
<k and (R,);/(qg)—0 when g= «.

One can define an effective average action corresponding
to S[@]+AS . [¢] by I',[ ¢], where ¢ is the average field in
the presence of external sources, ¢;(x)=(¢,(x)). When xk=A,
with A a scale much larger than all other scales in the prob-
lem, fluctuations are suppressed and I',[¢] coincides with
the classical action. As « decreases, more and more fluctua-
tions are taken into account and, as k—0, I', _o[ ¢] becomes
the usual effective action I'[ @] (see, e.g., Ref. 16). The varia-
tion with « of I',[¢] is governed by the following flow
equation: !>~ 1437

dq NG -1
(ZW)dtr{aKRK(q I+ R b (2)

1
Il B1=7 f
where Ff) denotes the matrix of second derivatives of I",
with respect to ¢ [i.e., the matrix of components (Ff))ij
=T,/ O¢;0¢p;] and the trace is taken over internal indices.
For a given value of «, we define the n-point vertices Fff)
in a constant external field ¢:

(27T)d5<d)<2 Pj) (rin))il,iz,..‘,in(pl’ N )
J

= f dx, - f d%x, exp(iz pjxj)
J=1

ST,
5¢i1(x1) T 5¢in(xn) b=

By differentiating Eq. (2) with respect to
&; (x1), ..., ¢; (x,) and then letting the field be constant, one
gets the flow equations for all n-point functions in a constant
background field ¢. These equations can be represented dia-
grammatically by one-loop diagrams with dressed vertices
and propagators (see, e.g., Ref. 16). For instance, the flow of
the two-point function in a constant external field reads

X

. (3)

dd
T (p:d) = J (Z;daxRK)m(q){G,,-(q;¢>rfgz<p,q,—p

~q;PGulg+p; PTS) (- p.p+4,

1
=43 Gulq:8) =5 Gilg: D= P,
- q:$)Gr(q; d>)}, (4)

where G is the matrix of propagators:
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FIG. 1. A diagrammatic representation of the flow equation for
the two-point function in an external field. The lines and dots rep-
resent full propagators and vertices. Crosses represent the insertion
of dR,.

Gla ) =T (q.~q: )+ Rq). 5)
The diagrammatic representation of Eq. (4) is given in Fig. 1.
Above, we have introduced the dimensionless variable ¢
=In(x/A). From now on, as we already did in Eq. (4), the
dependence of the n-point functions shall not be made ex-
plicit, unless necessary to avoid confusions.

Flow equations for the n-point functions do not close: for
example, in order to solve Eq. (4), one needs the three- and
the four-point functions, 1"5(3) and I’ (:), respectively. However,
in Ref. 34, an approximation scheme was introduced in order
to solve flow equations yielding n-point functions at finite
momenta. In doing so, it is possible to exploit two properties
of these flow equations: (i) Due to the factor d,R,(¢q) in the
loop integral, the integration is dominated by momenta g <
~ k. (ii) As they are regulated in the IR, n-point vertices are
smooth functions of momenta. These two properties allow
one to make an expansion in powers of ¢/ «*, independently
of the value of the external momenta p. As a typical n-point
function entering the flow has the form l"f(")(pl sD2s 5Pl
+q.,p,—q; @), where g is the loop momentum, then the lead-
ing order (LO) of the approximation scheme consists in ne-
glecting the g dependence of such vertex functions:

T(p1.py, ... Pyt + @ipa—q:p) ~ T
X(pl’pZ’ ’pn—l’pn;¢)' (6)

Note that this approximation is a priori well justified. In-
deed, when all the external momenta p; are zero, this kind of
approximation is at the basis of DE which, as discussed
above, turns out to be a good approximation. When the ex-
ternal momenta p; start to grow, the approximation in Eq. (6)
becomes better and better, and it is trivial when all momenta
are much larger than . With this approximation, Eq. (4), for
instance, becomes

e (3 ¢) = f zyamxgw%a@¢wﬂmo

~ ;D) G(q+ ps DT (= Pop,0; )Gl B)
_Gl](q ¢) ka(P, P, 0 O ¢)Gkn(q ¢)

)

Notice that it is not convenient to also assume ¢=0 in the
propagators; if this were done, the exactness of the LO of the
approximation scheme both at one-loop or large N limit
would be lost (see Ref. 34).

Now, one can exploit the fact that
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in order to transform Eq. (7) into a closed equation [recall
that G, and 1“5(2) are related by Eq. (5)]:

d'
(2)(1).;[J - | ==L
afrab > )_f (2 )dal(RK)iil(Q)

r®
{@(¢%—%;1@@M
J

a2 (p,~p;d)
2 ¢)TGW(% ®)

PTE)(p,-p: )

Gulq, .
é’quﬁd)k kn(q ¢)}

)

Equation (9) is valid for an arbitrary theory with N bosonic
fields. In the general case, it corresponds to a system of
N(N+1)/2 equations. From now on, we shall specialize in
the particular case where the bare action S[ ¢] has O(N) sym-
metry. If one chooses S[¢] to be renormalizable, it is given
by

1
- EGij(q’ ¢)

Slel= f d* {%[ﬁm"i(x)ap%(x)] + gQDi(x)(Pi(x)

+iMMWMW} (10)

In order to preserve the O(N) symmetry all along the flow, it
is mandatory to consider a regulator respecting the symme-
try. Doing so, within this approximation scheme, Ward iden-
tities shall be respected throughout all the flow and, in par-
ticular, they shall de valid in the (k— 0) physical limit. The
only way to implement this is to consider a diagonal regula-
tor. From now on,

Now, due to the symmetry, the two-point matrix function
can be written in terms of only two independent scalar func-
tions; a convenient way to do so is

I, o+ Dab T p(pip3 ),

(11)
where p(x)=¢“(x)$*(x)/2, a=1,...,N. Following Eq. (5), a
similar decomposition can be done for the propagator matrix.
Nevertheless, in this case, it proves more convenient to use a

decomposition in longitudinal and transverse components
with respect to the external field:

_ d)a ¢b
2p

-pidik) =La(pip:k)§,

¢a d)b

Gab(p;¢;K)=GT(p;p;K)<5ab ) G (p:p;k)
(12)

It is easy to show that
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G7'(p;pik) =Talpips k) + R (p), (13)

G (p;pik) =T a(psps &) +2pL p(pips k) + R (p). (14)

Using the definition of the functions I'4 and I'g, Eq. (11),
as well as that of Gy and G;, given above, the flow equation
(9) can be decomposed in two equations for I', and ['p:

oL a(p:p) = 20T (. p)J 51 (pop) + 20T 53 p) I (3 p)
1
= SATAw3 ) + 2015 (s L) + [V
= DT4(p:p) + 2T 5(p: p) U1 (p)}, (15)

aTs(p.p) = [Th(p:p) +2T4(p:p) + 20T 4(p:p) 15, (p3p)
+(N= DT (pip) = T2 (p:p) ) pip)

1
~THp:pI S (pip) - 5{(N - D4 p)I7)(p)
+[STh(pip) + 20T (p:p) 7Y, ()}
dd
+y(pip) f ﬁ{f?fRK(q)TB(q;p)[GL(q;p)

+Grlq:p)1G1(q:p)G1(q:p)}. (16)

Above, and from now on, the prime denotes derivative with
respect to p and, extending definitions already given in Ref.
36, we have introduced the functions

) d’q p-ig o .
Liinp(p3 ) = wﬁtRK(q)Ga (g:p)Gplq;p), (17)

dd
Jff'flg(p;p;fc)=f ﬁﬁtRK(q)GZ_l(q;p)Gg(p+q;p),
(18)

with @ and B standing for either L or T. In Eq. (16), we made
use of the identity

1
[GHq:p) - Gi(q;p)]; =2I3(q:p)[GL(g:p)

+G(q:p)1GL(q:p)G(q:p)

in order to render the expressions manifestly regular at p
=0.

Equations (15) and (16) constitute a set of coupled inte-
grodifferential equations, with respect to the real variables «,
p, and the modulus of the momentum p.

Before turning to the strategy to solve it, we shall first
comment on an apparent inconsistency of this approximation
procedure and the way to avoid it.>® To do so, notice that the
n-point functions at zero external momenta can all be con-
sidered as derivatives of a single function, the effective po-
tential V,(p). That is, for example,

_#Vidp)

vz p) IOy

(19)

which entails
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#V.p)

VB p=0:p)= pralCl

I'y(p=0;p) = ,
A(p=0;p) 3

Now, the effective potential satisfies an exact flow equa-
tion which can be deduced from that for the effective action,
Eq. (2), when restricted to constant fields. It reads

1 dq
a\Vip) = 2 f W@RK(Q){(N - 1)Gr(q;p) + G.(q:p)}

1
= AN = DI p:) + 141 (p: ). 1)

[In the last term of the equation, we made a slight abuse of
language with respect to the definition of Eq. (17): The func-
tion Ifil;)a has a unique index « because it contains a unique
propagator. |

According to Eq. (19), the second derivative of Eq. (21)
with respect to the background field gives a flow equation for
Fﬁ)(p=0;p). Now, this equation does not coincide with Eq.
(9) with p=0. Indeed, in contrast to Eq. (9), the vertices in
the equation deduced from Eq. (21) keep all their ¢ depen-
dence (¢ being the momentum in the loop integral); in other
words, it is a more precise equation. There is therefore an
apparent inconsistency between Egs. (9), (19), and (21).
However, this can be easily solved. To do so, it is convenient
to treat separately the zero momentum (p=0) and the non-
zero momentum (p # 0) sectors (for a further discussion, see
Ref. 36).

Let us then define

Au(pipi) =Ta(pips) = p> —Tu(p=0;psk), (22)

Ap(p;p;6) =Tp(p;psk) =Tp(p=0;p;5x). (23)

The flow equations for A, and Ay easily follow from those
for I'y and ['p:

aAL(pip) =L a(pipik) =9l 4(p=05p56)  (24)

and equivalently for Ag(p;p; k).

The procedure we shall consider in this paper consists
then in solving simultaneously the three flow equations for
Vp) [Eq. 21)], As(p;p;k), and Ag(p;p;«) and then get
two-point functions through

(25)

V. (p)
Ca(p:pik) =p> + A s(pspsk) + “op

Fs(p;p;K)=AB(p;p;K)+%- (26)
The initial conditions for the flow are V,(p)=ryp+(u/6)p’
[see Eq. (10)] for the potential, while those for both A func-
tions are equal to 0, as the classical momentum dependence
is explicitly taken out in their definition [see Egs. (22) and
(23)]. Notice that, proceeding in this way, not only we main-
tain the validity of the relationship given by Eq. (19), but we
also gain more accuracy in the description of the two-point
function. Indeed, its momentum independent part is now de-
scribed with a higher precision, while the approximation in-
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troduced in Ref. 34, which is used in this paper, only affects
its p dependence.

III. RESOLUTION STRATEGIES

Although the flow equations for V,(p), A (p;p;«), and
Ag(p;p; k) can, in principle, be solved numerically, this
nonetheless constitutes a rather cumbersome task. The reason
is twofold. First, what we called I and J are, in fact, func-
tionals of the solution I'®(p, p; x); this complicates the pos-
sible integration strategies. Second, notice that different val-
ues of p are coupled through the propagators G, (p+q;k)
which enter in the calculations of the J functions; this de-
mands, in principle, the simultaneous solution of the equa-
tions for all p.

Nevertheless, we shall show that within a simple, and yet
accurate, further approximation, our flow equations become
numerically simpler. In this section, we shall, in fact, discuss
two possible approximation strategies.

A. First level of approximation: Strategy I

In order to simplify the above mentioned issues, and to
bring down the numerical effort necessary to solve our set of
NPRG equations, it is possible to perform a further approxi-
mation (see Ref. 36, where the same approximation was used
in the N=1 case and an assessment of its accuracy was
done).

Consider first the function I( (p k), which does not de-
pend on p. The smoothness of the n-point functions and the
fact that integrals are dominated by the domain g =< k suggest
performing in the propagators of the right-hand side of Eq.
(17) an approximation similar to that applied to the other
n-point functions, i.e., to set g=0. However, as already said
in the previous section, in order to maintain both the exact
one-loop and large N properties of the flow equations, one
cannot simply set g=0 in the whole propagator; rather, one
needs a momentum dependence recovering that of the free
propagators in the k— A limit. Thus, we shall use for the
propagators entering the calculation of I;"LB(p; k) the follow-
ing approximate forms:

G (q:pi0) = Z,q* +Ts(g=05p;6) + R (q),  (27)

G (q:pik) = Z,q* + Tx(g=0;p; k) + 2pT 5(q = 0;p; )
+R(q), (28)
where
al"(z)
Z.= = . (29)
9" | 4=0,p=p,

As we shall see in the following, the presence of the Z,
factor is needed in order to preserve scaling properties. As it
is well known,'* aI'® (¢:p)/dg*| =y depends weakly on p.
Accordingly, one expects Z, to depend weakly on the value
chosen for p,. As argued in Ref. 36, the choice py=0 is here
the simplest one. With the propagators of Egs. (27) and (28),
and the choice of the regulating function'”
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R(q)=Z (K- 4)O(x* - ¢, (30)

the function 1" aB(p x) can be calculated analytically:

+2-2n 7
da,g(P k) =2K, P (1——“ )

d+2
X ! (31)
[1+ g (p)]"'[1 + ig(p)]
In this expression,
N =-kd.InZ, (32)
is the running anomalous dimension and
Talg=0s5p5)  Vi(p)
A2 __ A K
= = , 33
mT p K) K2ZK KZZK ( )
2, Talg=0;5p;k) +2pl's(g=0;p; k)
mL(P, K) = 2
KZ,
Vi(p) +2pV"
_Vilp) +2pV,(p) (34)

K7

are dimensionless, field-dependent effective masses. Above,
K, is a number resulting from angular integration, I(dl
=d2'77°I'(d/2) [e.g., K3=1/(677)]. Notice that, for d
>2, Iiflﬁ(fc p)—0 when k—0.

As for the function J (p p; k), we shall calculate it in a
similar way. To do so, let us notice that the propagator
G, (p+q;p) in Eq. (18) is small as soon as p/ k is large; one
can verify that the function J (p p; k) vanishes approxi-
mately as «*/p? for large values of p/ k. Thus, in the region
where Jil!aﬂ(p,p,K) has a non-negligible value, one can as-
sume p =< k and then use for G,(p+¢;p) an expression simi-
lar to that of Eq. (27) or (28), namely,

Z(p+q)*+Ta(g=0;p;0) +R,(p+q),
(35)

G (p+q;p;6) =

GL'(p+q:p:k) = Z(p+q)* +T4(0:p: ) + 2pI'5(q
=0;p;6) +R(p +q). (36)

One can then calculate the functions J( (p p; k) analyti-
cally [in d=3 and with the regulator of Eq (30)] The result-
ing expressions are more complicated than those for I(2
X(p; ), Eq. (31). They are given in Appendix B. Observe
that the regulator in Eq. (30) 1s not analytic at g=«. This
generates nonanalyticities in J d aﬁ(p p; k), but these occur
only in the third derivative with respect to p, at p=0, and at
p=2k [cf., e.g., the odd powers of p in Egs. (B1)-(B4)], and
they play no role at the present level of approximation.

Finally, for the last term in Eq. (16), it is possible to use
the same approximation procedure described above; doing
s0, I'g(q;p)=T"5(g=0;p)=V"(p), and the term is then just
proportional to the sum of two I® functions.

With the approximation just discussed, both I d"zw(p K)
and J(3) B(p p; k) become explicit functions of the potential
V.(p) and the field renormalization constant Z, [or, equiva-
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lently, 7,, see Eq. (32)]. From now on, we shall denote the
range of momenta p < k, which is described by quantities as
V.(p) and Z, (or 7,) as the “p=0 sector” of the theory.

To finish the description of the calculation procedure, it is
then necessary to make explicit how to solve these two flow
equations. The simplest way is the usual procedure of DE.
Specific details are presented in Appendix A. Here, we shall
just quote three ingredients which are relevant for our
present discussion. First notice that, within DE, the integral
IfIIL appearing in the potential flow equation is calculated
using the approximate propagators from Eqs. (27) and (28),
i.e., the integral is given by Eq. (31). We shall be back to this
point in the next section. Second, in order to get the proper
scaling behavior of F(z)(p; p; k) at small momenta, we need
the flow equation for Z, to be consistent with the approxi-
mate Eq. (9) for the two-point function. This is achieved by
extracting Z, from the flow equation of lim, ,A,(p;p
=0;«)/p? which follows from Eq. (9), and invoking Eq.
(29). Details can be found in Appendix A. Third, let us notice
that, in fact, the flow equation for the potential is qualita-
tively different than those for A4 (p;p;x) and Ag(p;p; k).
Indeed, these depend on a dimensionful quantity p; thus,
when «—0, the corresponding flow stops, giving a finite
value for both two-point functions, which depends on p. On
the other side, at criticality, the potential only depends on the
dimensionful physical variable p, whose relevant values
shrink to zero when k<<u; the system is then characterized
by scale invariance. In order to correctly parametrize this
property, it is convenient to work with dimensionless vari-
ables

Vi) (37)

=K'z, v p) =K,
Doing so, the dimensionless potential v,(p) approaches a
nontrivial fixed point form when x<<u.

The strategy to solve Eq. (9) for the flow of the two-point
function consists then in two steps One first solves the p=0
sector to get v, (p) and 7,; in doing so, the bare mass is
adjusted in order to reach the IR fixed point. Second, for
each value of p, one solves the flow equations for the A’s,
where the kernels Ifi”)(p; k) and 1513)(19; p; k) are explicit func-
tions of v, (p), Z,, and 7,. The problem of finding the two-
point function of the O(N) symmetric scalar field is thus
reduced to the solution of a system of partial differential
equations with parameter p, which can be solved separately
for each value of p and which does not involve a numerical
effort greater than that required in usual DE calculations.

B. Improved approximation: Strategy I1

In Sec. I, we recalled an interesting property of the ap-
proximation scheme introduced in Ref. 34: When solving the
flow equation of the two-point function at the LO of the
scheme, the effective potential one gets is exact at two loops.
Nevertheless, when solving Eq. (21) using the propagators
described in the previous section, this two-loop exactness is
lost. We shall present now a simple improvement in the pro-
cedure proposed in Sec. III A in order to recover the two-
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loop expression for the potential. This should bring a better
description of the p=0 sector of the model, which would be
particularly useful for the determination of critical expo-
nents.

In order to do so, let us briefly note the origin of the
two-loop exactness. It exploits the fact that only one-loop
two diagrams contribute to the flow [see, for example, Egs.
(2), (4), and (21), or Fig. 1]. Accordingly, the two-point func-
tion gets exact at one loop, provided its flow is calculated
with quantities which are exact in the classical limit. This is
respected not only within the approximate Eq. (9) but also
after the extra approximation in the propagators introduced
in Sec. IIT A. As for the potential, Eq. (21) gives indeed an
exact expression at two loops only if the flow is calculated
with quantities exact at one loop. This is, in principle, the
case for the equations here considered. Nevertheless, the ex-
tra approximation introduced in Sec. III A, when applied to
the potential flow equation, violates this property. Fortu-
nately, this can be swiftly solved and with a low numerical
cost.

This improvement can be achieved by numerically inte-
grating the function /") appearing in the flow equation for
the potential, without using the approximate propagator of
Egs. (27) and (28), but, instead, the numerical solutions for
A, and Ag:

d

wvi=1 [ ELam i1

1
X
@+ A (q:p) + V' (p) + R, (q)

1 )
+ .
g+ Ay(g:p) +2pAp(g:p) + V' +2pV" + R (q)
(38)

One thus needs to simultaneously solve the flow equations
for V,, Ay, and Ap.

Notice that the approximate propagators, and thus the
analytic expressions for J, from Appendix B, and for /® and
1%, from Eq. (31), can still be used in the flow equations for
A, and Ag without losing their one-loop exactness.

In Eq. (38), angular integration can be done analytically
reducing the problem to a numerical integration over one
single variable, |g|. Accordingly, the procedure does not in-
troduce too much extra complexity in the algorithm. How-
ever, an important subtlety arises: due to the regulator, the
integrand of IV takes non-negligible values only in the range
|g| = k. Thus, with a fixed grid in g, as k goes to the physical
value k=0, the number of points in ¢ for performing a nu-
merical integration in Eq. (38) would dwindle very rapidly.

This apparent difficulty is cured by working with fixed
values of ¢/k, i.e., solving the A function flow equations
within a grid for fixed values of g=gq/k with §<g,,,,,; val-
ues of g,,,,~3—4 turn out to be large enough. Nevertheless,
due to their definition [see Egs. (22) and (23)], when xk—0,
all functions in the grid would vanish. As usually done for
the potential [see Eq. (37)], this difficulty is simply solved
working with dimensionless variables:
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~ Ap; 2 A
B = 2B R = 80

K*Z, a4y o
(39)

At criticality, these quantities reach finite values in the «
— 0 limit, with this limit depending on the value of p=p/ k.

These functions A, and Ay are precisely the quantities enter-
ing the integrand of the flow equation for the dimensionless
potential v, [which follows from Egs. (37) and (38)].

As a final remark concerning the p=0 sector, note that we
now have many fixed point flow equations: those for the
dimensionless potential v, and for 7, and those for the di-

mensionless A functions (in fact, two equations for each
value of g on the grid). As we are dealing with a Wilson-
Fisher fixed point, the flow has only one unstable direction;
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thus, once only one bare parameter is fined tuned (here, the
bare mass), the complete set of equations should reach the

fixed point. However, handling the flow equations for A, and

53 turns out to be a hard numerical task. For reasons of
numerical stability, it proves useful to introduce the auxiliary
variables

Yp(pip) = (40)

&B(ﬁ ;P)
.
Flow equations for Y, and Yy are trivially derived. The

departing point is the flow equations for A, and A; we used
in the previous section, i.e., those with the approximated
analytic expressions for the functions JO) [ and 13, Then,
making use of Egs. (39) and (40), a straightforward calcula-
tion yields

_ ) S . ( 7 ) 1 2p w? 1 2p w2
Y AP:p) =Y ,(P;p) + P—=(P;p) + (d =2+ )pY, +2 1 - -
PP = 7alpip) p&ﬁ(p A+ g d+2 ﬁ(1+w+2pw’)21+w D (1+w)21+w+2pw
1 [Y}(7:5) + 25Y,4(7:P)] 1[(N—1)Y,Q(ﬁ;ﬁ)+2YB(ﬁ;ﬁ)]} . ( o wr2>
"2 2 + 201,530 YR F PP + 2V Fpw +
2 (+w+2pw)? 2 (1+w)? PIPsp)\ Y Pipp + 2V pw' +

W/2
+ 250717 @(Yi(p PP +2Y (53 p)w’ + =) (41)
- ) § S ot (e ( n ){(N—l)w,z
OYp(Pip)=d-=-2+2n)Ys(p;:p) +p—(p;p) + (d -2 + Yo(p;p) + 2|1 —
Yp(p:p) = ( nYg(P:p) paﬁ(p p) +( 7PY (P P) d+2)| 201wy
Ow? + 12pw'w" + 4p°w") 1 1 w'? 1 1 w'? 1(N- ' (5:5)
P+ w+ 25w') PArw+2pw)2l+w FPl+w+2pw)L+w)? 2(1+ )2 Vs(pip
1[5Y,(5:5) + 2pY4(5:P)] ( 1 1 ) 1 Y5 } - ( ,
- = + + + (N = D)Jp:p)| Y3(P:p)P>
2 (1+w+2pw)? I+w+2pw  1+w/l+wl+w+2pw ( Mrp:p)\ YalP:P)P

_ w'? 9w
+ Y pw' + =) TPy Y (5:p)p° + 4Y5(5:p)p° + 6Y (B p)w’ + —5—

3w
+ 12Y(psp)w’ + 4P<YA(P PIYR(P:p)p” + Yy(B:p)w" + 3Y,(Pip)w’ +

12
+4Y,(;p)Y 3(PP*;p)

o

2 2Y(p:P)Y 5(P: PP

"2

£ YW+ 2V + ALY P + 2V (v + %)} - JLT(ﬁ;ﬁ)(Yf(ﬁ;mﬁz £ 22X

W,z _ 5 5 w/2
+ ? = I (PP Ya(P3p)D™ + 2Y (P p)w" + F .

Notice that the process of going to dimensionless vari-
ables brought into play derivatives with respect to p. Above,
we introduced the dimensionless expression jaﬁ(ﬁ ;p) of the
function J, which is given in Appendix B. The (k=A) initial
values for these functions are Y,=1 and Yz=0.

In summary, according to this second strategy to get the
two-point functions of the O(N) model, one also proceeds in

(42)

two steps. First, one fixes the p=0 sector, which now de-
mands the simultaneous solution of the full flow equation for
the potential [Eq. (38)] together with those for Y, and Yj
[Egs. (41) and (42)] for a limited number of values of g
< Gmax Proceeding this way, one fine tunes the bare mass in
order to get the infrared fixed point. As a second step, one
solves the flow equations for dimensionful A, and Ay (the
same one as those of the previous section) for any desired
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value of the external momenta p. Within this second strategy,
once the p=0 sector is solved, the p # 0 sector can still be
treated separately for each value of p.

Using the alternative idea just presented, one hopes to
have a better description of the p=0 sector and, thus, to get
an improvement in critical exponents and infrared properties
of the model. Moreover, one can also hope to retrieve better
results at least in the crossover region between IR and UV
behaviors.

IV. NUMERICAL RESULTS AND DISCUSSION

We now turn to the numerical solutions obtained within
both of the methods we have discussed in the previous sec-
tion. We shall consider here the properties of the system near
or at criticality, and we shall study the d=3 case. Our goal
here is twofold: First is to assess the quality of the approxi-
mation scheme at all ranges of momenta and to verify what
is the effect of the improvement discussed in the last subsec-
tion. Second, since we are working here only with the LO of
the approximation method proposed in Ref. 34 (and, more-
over, using approximate propagators), we aim to compare
our results with those already existing in the literature for the
O(N) model.

It is possible to distinguish three momentum regions: the
IR sector (p<<u), the UV sector (p>u), and the intermediate
crossover sector. The first region is dominated by scaling
properties and has been studied using many different meth-
ods with high precision. In the next section, we shall present
our predictions for this regime, paying particular attention to
scaling properties and comparing our results with those ex-
istent in the literature. As for the UV regime, it can also be
described with high precision within perturbative calcula-
tions. Finally, the crossover region is known with much less
accuracys; it is therefore the main yield of this work. Both the
UV and the crossover regimes shall be discussed in the sec-
ond part of this section.

A. Scaling properties
When «k<p<u, we expect As(p; k) to behave as

PP+ A (piK) =Ap2_”*, (43)

where 17* is the anomalous dimension, i.e., the fixed point
value of 7,. As the explicit p dependence of the two-point
function is very hard to obtain, in the literature, the usual
way to determine 77* is to extract it from the « dependence of
Z, [see Eq. (32)]:

*

Z,x kT, (44)

when k<<u. Nevertheless, although these two extractions
should, in principle, lead to the same result,”> when approxi-
mating, the flow equations this property can be lost. This is,
for example, the case in DE which, at criticality, describes
physical quantities only at p=0; not even the k<<p<<u re-
gime is correctly described. We have checked that, for all the
solutions we get, we always have the same result within the
two extraction methods.
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FIG. 2. The fixed point form for the functions Y,(p,p) and
Y4(P,p)+2pY5(P,p), in d=3, N=2, at criticality, as a function of p
for various values of p.

A more stringent test of scaling is given by the study of
the dimensionless quantities

Ay(p;ps k) + 2pAg(p; s k) + p*
P’Z,

Ay(p3pix) +p?
PZ,

s s

(45)

which, in the scaling regime (p,x<<u), should be functions
of only p/ and p. In fact, according to Egs. (39) and (40),
these should be the scaling functions Y4(p;p) and Y4(p;p)
+2pY5(p;p). We have numerically checked that our results
verify this property. In Fig. 2, we show these scaling func-
tions, as a function of p, for various values of p and N=2.
Similar results are found for other values of N.

Notice that, by definition of Z, [see Eq. (29)], the function
Y4(p=0,p=0)=1. A nontrivial fact, shown by Fig. 2, is that
both the functions Y (7, p) and Y4(p,p)+2pYg(p,p) are well
approximated by unity for all p=<1 and all relevant values of
p (as well known,'¢ the latter are those of the order of the
minimum of the potential which, within our normalization,
runs from p~N+2, when k=A, to p~ N, when k—0). This
is exactly what we assumed within the two numerical ap-
proximations introduced in the last section. In other words,
the figure shows that, even in the deep IR, the approximated
propagators of Egs. (27) and (28) are indeed accurate. In Ref.
36, where the same approximation is done in order to solve
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TABLE 1. Critical exponents for the O(N) model. We present our results within the two calculation
strategies, together with DE at NLO and the best estimates, with their errors, when available. When results of
similar quality can be found in the literature, they are both quoted (for discussion of DE results, see text).

N 7l n1l 7 DE-NLO 7 (best) v vII v DE-NLO v (best)
0 0.0460  0.0385 0.039° 0.0284(25)" 0.603 0.599  0.590% 0.5882(11)"
1 0.0519 0.0466  0.0467°  0.03639(15)° 0.647 0.645  0.6307*  0.63012(16)°
0.04434 0.0368(2)° 0.6307¢  0.63020(12)°
0.0523  0.0474 0.049? 0.0381(2)f 0.691 0.689  0.666° 0.6717(1)f
3 0.0496  0.0471 0.049° 0.0375(5)¢ 0.729 0.728  0.704 0.7112(5)¢
4 0.0455  0.0445 0.0472 0.0350(45)® 0.761 0.760  0.739% 0.741(6)°
0.0365(10) 0.749(2)"
5 0.0409  0.0407 0.031(3)! 0.786 0.786 0.764(4)!
0.034(1) 0.779(3)i
6 0.0368 0.029(3)! 0.816 0.789(5)!
7 0.0331 0.029% 0.838 0.811%
8 0.0298 0.027% 0.856 0.830%
9 0.0271 0.025% 0.864 0.845%
10 0.0246  0.0253 0.0282 0.024% 0.882 0.882  0.8812 0.859%
20 0.0127 0.014% 0.941 0.930%
100 0.0025 0.00254  0.0030° 0.0027' 0.990 0.990  0.990% 0.989!
Large N 0.25/N 0.25/N 0.270/N'  1-1.034/N 1-1.081/N'

dReference 38.
“Reference 6.
fReference 4.

#Reference 39.
PReference 1.
‘Reference 3.

the N=1 case, its effect on the functions / and J is shown to
be small. There, only the longitudinal propagator, i.e., that
given by Eq. (28), plays a role (remember that the term in-
cluding the transverse propagator is proportional to N—1).
Figure 2 shows that the approximation is even better in the
transverse case; accordingly, when going to large values of
N, one expects the approximations introduced in the last sec-
tion to become better. As we shall see, this is confirmed by
our numerical results.

Our estimates for the anomalous dimension for different
values of N, using both of our methods of approximation, are
presented in Table I. We also plot, in Fig. 3, N7 as a function
of 1/N. When N is not too large, N=<4, strategy 11 1ntroduces
notlceable improvements. For example, for N=1, 77 changes
from 7 =0.052 using the first approximation to % *~0.047
using the improved one. These values are to be compared
with results obtained by other means. DE gives 77 =0 at

LO™ and 5"=0.033 at next-to-NLO.% As for the NLO, vari-
ous results ex1st Using the regulator of the present paper,
one gets 7 =0. 050 (Ref. 38) and 7 =0.054 with a power-
law regulator and 7 =0.0467 with an exponential
regulator;> moreover, after an optimization procedure, re-
sults move to 77 =0.0470, for a thetalike regulator, and 77
=0.0443, for an exponential one.*® In the table, we present
the best results with and without optimization. Thus, even
after the extra approximation introduced in the numerical
resolution strategy, the LO of the approximation procedure
introduced in Ref. 34 yields a value of the anomalous dimen-
sion comparable to that of the DE At NLO. All these NPRG
values can be compared with % =0.034(3) from the re-

JReference 8.
kReference 40.
IReference 41.

8Reference 5.
hReference 7.
iReference 2.

summed seven- 100}3 calculation,! % =0.0364(2) with high-T
calculation® and 7 =0.0368(2) from Monte Carlo (MC).°
As N increases, our two calculation strategies differ less
and less, and eventually they give the same result. Most re-
markably, our yields are very close to those of the DE at
NLO, at least for small values of N. Note, however, that DE
results can depend strongly on the choice of the regulator;
with a less reliable regulator, results?? depart from best esti-
mates. Both this work and DE results reach the correct large
N limit: 7=0. The large N regime is better studied with the
help of Fig. 3. There, we present the best estimates, as well
as DE and the present results, together with the known ana-
lytical numbers for both the large N limit and its first order

oo strategy |
== strategy II

¢ other estimates|

DE NLO
* large N limit f
-- large N slope

S

FIG. 3. N7 as a function of 1/N for various model calculations,
together with the 1/N analytical results.
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1.5

o oo strategy |

SR == strategy II

B o other estimates
DE NLO

-- large N slope | 7

large N

FIG. 4. N(1-v) as a function of 1/N. This quantity is useful to
study the large N behavior of the critical exponent v.

correction.*! One can see that both our and DE calculations
fail to reproduce the analytical result (15% error within DE,
8% for this work). Most remarkably, the large N results seem
to be better predicted with both NPRG calculation than with
the six-loop resummed perturbation calculation of Ref. 40;
indeed, the latter clearly fails to predict the large N behavior.
We shall be back to the 1/N limit of our calculation in the
last section of the paper. Finally, it is interesting to notice
that all results present a peak in the value of 7 around N
~2-3 (see Table I).

Let us now turn to the critical exponent v. Close to criti-
cality, the effective renormalized mass at zero external field
(which is the same for the transversal and longitudinal propa-
gating modes in the symmetric phase) behaves as

_Vip=0) _

M(p=0)="—_

lr=r " (k<u), (46)
where r is the bare square mass and r, its value at criticality.
We have performed numerical calculations close to criticality
in order to determine the critical exponent v for various val-
ues of N. The results can be seen in Table I, together with
those coming from DE at NLO and the best estimates in the
literature. Within both strategies of calculation, one gets al-
most the same results, for all values of N. As occurring with
the critical exponent 7, here, comparison of our results with
those from DE at NLO depends on the regulator used. For
example, for N=1, DE at NLO with the regulator of the
present paper gives v=0.625,3% v=0.6307 with the exponen-
tial regulator,®® and v=0.618 with a power-law regulator.??
Optimization makes a tiny difference.3® In the present work,
one gets 0.647 (strategy I) and 0.645 (strategy II). These
numbers need to be compared with 0.630 12(16) (Ref. 3) and
0.630 20(12) (Ref. 6), from high-T and MC calculations, re-
spectively.

As for the large N behavior, all calculations give the exact
limit, »=1. In order to strengthen the study of this regime, it
is convenient to plot the quantity (1—v)N, as we did in Fig.
4. Note that this quantity is prone to have much larger nu-
merical error than v as one moves to larger values of N. One
can see that both DE at NLO and the present calculation fail
to give the analytical large N prediction for this quantity by
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10

0)N/(Nu)’

’5=
10"
T

A, (p

FIG. 5. Ay(p;p=0)N/(u/N)?, in d=3, for various N at criticality
and zero external field as a function of p/u. As soon as N= 10, the
large N limit is attained.

not more than a few percent. On the other side, as was the
case for the other critical exponent, six-loop calculation re-
sults from Ref. 40 suffer from bigger errors when comparing
with the exact 1/N expansion. We shall be back to these
points in the next section.

Besides these already very competitive results, the present
method is fully devoted to calculate quantities that belong to
a momentum regime where neither direct perturbation theory
nor scaling properties can be used. These results are pre-
sented in the next section.

B. Ultraviolet and crossover regimes

In Fig. 5, the physical self-energy at zero external field,
A,(p,p=0,k—0), is plotted for various values of N. Notice
that a simple dimensional analysis in Eq. (9) shows that the
self-energy can be written as A,(p,p=0,x=0)

=u2AAA(p/u,ﬁ=0,K=0), where AA is a dimensionless func-
tion of p/u. On the other hand, in the large N limit, the
critical self-energy is of order 1/N (see, e.g., the next sec-
tion). As this limit is taken so that uN is kept constant, the
convenient function to plot is NA4(p/(Nu),p=0,«
=0)/(Nu)?, which is shown in the figure. One can see that, as
soon as N reaches ~10, corrections to large N behavior be-
come small.

In the perturbative regime (p>Nu), one expects Ffi)(p)
~[(N+2)/3]8,,(u*/967)log(p/u). In Ref. 36, it has been
shown, for the N=1 case, that the analytical solution of Eq.
(9) has this behavior, even though the coefficient in front of
the logarithm, u?/97*, is 8% larger (this coefficient is a two-
loop quantity and the LO of the approximation method in-
troduced in Ref. 34 does not include all the two-loop pertur-
bative diagrams exactly). The analysis of Ref. 36 is
generalizable for all N, provided we include the multiplica-
tive factor [(N+2)/3]8,,. Our approximate numerical solu-
tions, within both methods, reproduce this result. As ex-
plained in Ref. 34, at the NLO of the present approximation
scheme, which is beyond the scope of this paper, the contri-
bution of the two-loop diagrams is completely included and
the correct prefactor [(N+2)u?8,,/28877] is recovered.
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FIG. 6. X¢,¢p,)/u as a function of 1/N.

For purposes of probing the intermediate momentum re-
gion between the IR and the UV, we have calculated the
quantity

3
Kebuts) _1 [ dp ( ! _1)3 @
u ul QmP\p*+A,p) p?
which is very sensitive to the crossover regime: The inte-
grand in Eq. (47) is peaked at p~ (Nu)/10.%® In the O(2)
case and for d=3, this quantity determines the shift of the
critical temperature of the weakly repulsive Bose gas.? It
has thus been much studied recently using various methods,
even for other values of N. In particular, the large N limit for
this quantity has been calculated analytically and found to be
1.05 X 107347 As a consequence, & ¢,¢,)/u has been used as
a benchmark for nonperturbative approximations in the O(N)

model.

In this work, we have found the values for & ¢,¢,)/u for
some representative values of N using both of the methods of
approximation for the potential discussed in the previous
section. The quantity we have chosen to calculate,
& haha)/u, is the one having a finite large N limit. The re-
sulting curves are shown in Fig. 6, where they are compared
with values obtained by lattice calculations,*>~** resummed
seven-loop calculations,*>*® and to results obtained in Ref.
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30. Those numbers, with their corresponding errors when
available, are also presented in Table II. It can be seen that
with our approximation strategy II, one gets slightly better
results than with strategy I, but only for small enough N. For
all values of N where lattice and/or seven-loop resummed
calculations exist, our results are almost within the error bars
of those calculations, except for N=2, where very precise
lattice results are available. In the large N limit, one can see
that our results differ from the exact value by less than 4%.
Please note that the large N behavior of &¢,¢,)/u is given
by 1/N corrections to the self-energy,*’ which are not calcu-
lated exactly at this level of approximation. Notice also that,
within the two numerical strategies we use here, one gets the
same large N limit for & ¢,¢,)/u. Both in the table and the
figure, we also present results from Ref. 30, corresponding to
an iterative ad hoc calculation within NPRG. These results
correspond to an improved version of the NLO of that
method, which was a precursor of the procedure presented in
Ref. 34. It can be seen that, globally, these results are not
significantly better than those from the present paper, corre-
sponding to an approximate version of the method intro-
duced in Ref. 34, at its LO.

In summary, when trying to calculate quantities in the
momenta crossover region between the IR and the UV, the
present approximation scheme seems to be particularly well
suited: Already with approximated versions of the LO of the
method, one gets numbers of about the same quality as those
obtained with seven-loop resummed perturbation theory or
lattice calculations.

V. LARGE-N BEHAVIOR

As shown in Ref. 34, the leading order of the approximat-
ing method introduced in that paper and used in the present
one is exact in the large N limit for any vertex function. This
has been verified numerically in the previous section, where
the correct large N limits, »=0 and v=1, were extracted
from the two-point function. In this section, in order to go
beyond these results, we shall study the NLO of the 1/N
expansion of the model to calculate both 7 and v. The aim is
to provide a test for the approximation in a situation where it

TABLE II. Summary of available results for the universal quantity &¢,¢,)/u. The analytically known
exact large N limit for this quantity is equal to 1.05 X 1073 (Ref. 47).

N Lattice Seven loops?* Ref. 30 Strategy 1 Strategy 1I
1 (4.94+0.40) X 1074 ® (4.85+0.45) x 10~ 5.03% 107 5.44 %1074 5.37x 1074
2 (5.98+0.09) X 107+ ¢ (5.76 =0.45) x 10~ 5.89x 1074 6.44 % 1074 6.35% 1074
(5.85+0.22) X 10744
3 (6.48 +0.50) x 107* 6.57x 1074 7.18 %1074 7.12%x 1074
4 (7.25+0.45)x 107" 6.98+0.50 7.12%x 1074 7.75% 1074 7.69 X 1074
10 8.66 X 1074 9.41x107* 9.47x107*
100 1.10x 1073 1.10x 1073

4Reference 45.
PReference 44.
“Reference 43.
dReference 42.
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is not exact, as well as to test the quality of the numerical
calculations.

Before turning to this task, it is convenient to note that the
large N limit is taken so that uN is constant and then I,
~O(N), V,.~O(N), TI,~0(1), TIy~O(l/N), and
p~ O(N).*! In Ref. 48, a generic form of the effective action
in the large N limit was found. Accordingly, a general pa-
rametrization of the two-point function in this limit is

T3 (p,— pii; ) =[P+ Vi) 16, + dubUs(ps—p3p),
(48)

where 'y is the function defined in Eq. (11). Using this ex-
pression, it is possible to show that, within this limit, the
flow equation for the potential at the leading order of DE [the
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local potential approximation (LPA)] is exact.*® It has also
been exploited to solve analytically the NPRG equations for
any n-point function.>* More precisely, doing the change of
variables* («,p) — (k, W), where
= ﬂ/, (49)

dp

it is possible to find the large N limit for both the potential
[or its inverse function p=f(W)] (Ref. 49) and I'y (Ref. 34):

1
q>+ W+Ry(q%)

N d'q
fK(W) =fA(W) + 5 f (27T)d{

u Nu d%q
F Ch 5 = l -
8(P.=p;p) 3( + 6 J

1
TP+ W+Rk(q2)}’ (50)
|
1 -1
QMg+ Wi R (g +p) + W+ RL(q +p)2)) : 1)

which, in particular, enables for an explicit solution for the f, function [in d=3 and for the regulator (30)]:

3 3 3 N
p=fW)==W-—rp+-K,Nk— K;—
u u 2

where rg=ry+K,;NAu/3 and C(W) is defined by

3

K 3
5 m + ENKdWC(W), (52)

! (77 Arct ( a )) (W>0)
—| = — Arctan| =
1 VWA 2 W

CcC(W) = dg———=

(W) JK 125w L (\'—W+K> W0
— 10 — .
2V-W ¢ V=W-k

Observe that W~ O(1).

A. Critical exponent 7

The procedure to calculate the critical exponent 7 is given by Egs. (A1)—(A6) of Appendix A. From the definitions in Eqs.
(A1)—(A3), one can see that y,~ O(1) and xyz~ O(1/N). As for the anomalous dimension, let us first observe that at leading
order, x,(p) =1 [see Eq. (48)]. Accordingly, x4(p) ~ O(1/N?). Thus, Eq. (A6) implies that 7~ O(1/N). In order to find 7, it
is then necessary to get xj at its leading order [i.e., O(1/N)] and x, at its next-to-leading order (i.e., also 1/N). The first
function follows from Eq. (A2); expanding Eq. (51) to order p?, one gets

]V_M2K |:l K3 + 1 K L K + LC(W):|
18 L3+ W) AP+ W) SWKE+ W 8W
ZB: N 3 P (53)
1+ 2k ( AT L EC(W))
6 ° (K+W)? 22+wW 2

Finally, using Eq. (A3) and introducing the dimensionless  define

quantities f=f/(K;«), w=W/«% and Gi=Ksu/k, the exact i
leading order expression for y simply follows (remember Ya=1+ Xa
that, for N—, Z,=1 and 5=0). A N’

We now turn to the next-to-leading order expression
for x4. In order to do so, we shall solve its flow equa-
tion, ie., Eq. (A4), up to order 1/N. One can then

Introducing this expression in the flow equation (A4) and
keeping only leading terms in 1/N, one gets
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xXgw' 2Nxp ANpw'?

N, 8Np
Oxa—(d=2)py, + —22— = pN +
Xa— (d—=2)px, T +w)? 7

L+w+2pw (T+w)2 (T+w)2 (1+w+2pw")2(1 +w)?’

(54)

Notice that, by construction, x,~O(1) [and then X}~ O(1/N)]. Accordingly, in the right-hand side of Eq. (54), only the
leading order expressions of both yz and w are needed. They follow from Egs. (52) and (53) after going to dimensionless

variables.

Going to variables (x,w), using d,,= d,,+d,wd, and Eq. (A1), we end up with [where we define O, f (W)= fr(w)]

8NF(w)

XB/f "(w)

2Nxp(w) ANFI(F (w))?

at)A(A(W) - 2W‘9w AA(W) = 7]N +

Notice that it is convenient to work in the particular case w
=0, i.e., at the minimum of the potential, where the equation
is much simpler. Going to the IR fixed point, «d, x4(w)=0
(and, equivalently, ii— ), it then follows that

77*=—+0<i>. (56)

One expects the calculation of 7]* to be independent of the
renormalization point. However, once approximations are
done, there is normally a small dependence on the precise
renormalization point. In this case, though, observe that all
over this calculation, we need not consider the specific renor-
malization condition introduced in Egs. (29) and (32) (i.e.,
po=0). It then turns out that the obtained value of N 17*, when
N — o, does not depend on the chosen renormalization point.

The analytical value of 77* obtained above is reproduced
by our numerical results (see Fig. 3 and Table I). The exact
value for the 1/N correction to 7]* in O(N) models is
known:° 8/(37%)=0.27. It turns out that the error of our
(both numerical and analytical) calculation turns out to be of
about 8%, which is smaller than the error involved in both
DE and six-loop resummed perturbative calculations (see
Fig. 3).

A surprising fact is that the ratio between our result (1/4)
and the correct number [8/(372)] is exactly the same as the
ratio between the correct result for the ultraviolet coefficient
in front of the logarithm, (N+2)u?/(28872), and ours, (N
+2)u®/(277*). It thus seems that, at least for 7, the LO of the
approximate procedure introduced in Ref. 34 misses the sec-
ond order of the 1/N expansion by the same amount that it
misses the second order of the perturbative expansion.

It is important to notice that the calculation presented
above is valid for both of methods of approximation de-
scribed in Sec. III of this paper. This is due to the fact that in
this section we only needed the large N limit of the potential,
which is already exact in the case of the approximation used
in strategy L.

B. Critical exponent v

Let us now move on to the analysis of the 1/N correction
for the behavior of the critical exponent v. We are dealing
here with a critical point for a second order phase transition,

w2700 F W (Wl [ 2R o) P14 w)?

(55)

with only one IR unstable direction under the RG flow. The
exponent v is related to the eigenvalue of the linearized flow
in this relevant direction.

It will be useful to start with a study of the large N limit
for this quantity. Due to the significant simplification brought
by working close to w=0 in the study of # just presented, a
similar strategy will now be adopted, defining

b
w=a(p=po)+ (P~ po)* +O0((p - po)?).
with

wipo) =0, a=w'(py), b=w"(py).

It is easy to find equations for this set of variables, which
in the large N limit decouple,*® yielding the equations

dipo=—(d—=2)py+N, (57)
da=(d—-4)a+2Na>, (58)
db=(2d - 6)b + 6N(ab — a*). (59)

It is then possible to find the non-Gaussian fixed point value
for these quantities in the large N limit:

N
="7"7 (60)
. 4-d
a*=2—, (61)
6Na™3 3 (4-d)°
b* a __( ) (62)

T 2d-3)+6Na’  4N? 6-d

The flow equations for py(¢) and a(r), Eqs. (57) and (58),
can be solved analytically, yielding

po(t) = pg + Pe@d-2)t, (63)
% 1
a(t)=a VRS (64)

These expressions, together with straightforward calcula-
tions for the behavior of b(z) or any other higher order cou-
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pling near the fixed point, clearly show that, in the large N
limit, the only unstable quantity under the RG flow, as r—
—© (k—0), is po(z). This allows for the determination of the
expected large N critical exponent ¥/°=1/(d-2); in particu-
lar, v=1 for d=3.

Moving on to the analysis of the NLO in the 1/N expan-
sion, we will from now on specialize to the simpler case of
the first resolution strategy of Sec. IIl. Observe that results
should not differ by much in the case of the improved strat-
egy of Sec. III B, as the numerical calculations for both ap-
proximations seem to converge rapidly as N increases.

The NLO flow equation for p, for the case of strategy I,
is

b
3+ ZpO—

(1+2pga)’ |
(65)

Notice here that the functions a(¢) and b(¢) need only be
known in their large N limit. We will focus in solutions for
this flow equations that are near the fixed point. We can then
write, for the quantities in the right-hand side of Eq. (65),

L) (N=1)+

dpo=—(d-2+ +|1-
tPo ( 7)Po ( d+2

polt) = py + epoe™ @2, (66)
b(t)=a" + €l(r), (67)
b(t)=b" + €eb(r), (68)

) =7 + enppe Y, (69)

where, for p, and 7, we are explicitly taking out the known
large Nt dependence, and in the case of 7, we are defining it
with an ansatz to be justified later. As for the left-hand side
of Eq. (65), we can, in principle, also write py(f)= p0+epé])
X ()e™@=2) Expanding Eq. (65) to order €, one can reach the

expression [throwing away terms of order (1/N)]

LN A KL ’;7N ~ 2
3P0 () == 7" po = AIpoPo— — —ho+ —*(p be"“ + pob”
aet(d 2)
N e
a

2 .
4<3 + *Po )(P;de[l(d_z)] +poa’)

1+2pza*

1

(70)

As already stated, we know that in the large N limit, a(r)
and l;(t) go to zero after ¢ gets negative enough. Nonetheless,
we cannot, in principle, assert the same for the behavior of 7,
and, in fact, we will show below that, as # is already a
quantity of order O(1/N), the IR unstable direction of the
flow has components in the linearized directions of both p,

and #. If we consider || large enough for @ and b to be

(1+2ppa")>’

PHYSICAL REVIEW B 77, 024431 (2008)

negligible, the following flow equation is found:

1 . « AN |2b
2050 = — o~ 5 zb_
ﬁO Po () n 7Py — d+2 |: a*

12" +8pgb” 1
(1+2ppa")*’

71
1+2pya” (71)

Knowing the large N behavior for ﬁé')(t) [see Eq. (70)],
one can assume that, at NLO of the 1/N expansion,

A A (- A V1
pgl)(t) — Poe( ty/N) — p0<1 _ tﬁ + - >,

where, in d=3, it is easy to check that y,:—v('), i.e., the
correction for v at NLO in 1/N [v=1/(d-2)+v"V/N]. The
equation for ;301) can then be written as an equation for v,

D N 2
d=22N" T TP T g T

124" +8p.b* 1
_ a Po (72)

1+2p:a#< (1 +2p:a*)2’
an expression which, when evaluated in d=3 using Egs. (57),
(61), and (62) and also Eq. (56) yields the relationship

6N
W= —T”. (73)

The —1 in the last expression is the bulk of the required
result, as 7 is expected to bring only a small contribution,
which will be calculated in what follows.

Note before that the calculation so far presented is inde-
pendent of the renormalization scheme, just as for the case of
n of the last section. In what follows, we will calculate the
correction 7, which does depend on the point where the
value of 7 is fixed. Nevertheless, as stated in the last section,
the numerical results found for the quantity (1—v)N suffer
from a quite large numerical error for large values of N. This
makes impossible to distinguish the results between the two
strategies presented in this paper, or between different renor-
malization schemes.

The starting point for the calculation of 7 is Eq. (55) for
x4(p,1). In it, scheme dependence can only come from the
running of 7, and from boundary conditions. When one con-
siders the fixed point solution for yy, all the scheme depen-
dence should come from the boundary conditions, as we
have already shown that 77 the fixed point solution for 7,,
is scheme independent. Therefore the fixed point equation is
of the form wd, x4=N7" +F " (w), where the right-hand side
is scheme independent and thus the only consequence of the
renormalization scheme on the fixed point solution is an ad-
ditive constant.

Near the fixed point, in the right-hand side F(w,r)

=F"(w)+ee @ 2F(w), and Ralw.0)= g, (w)
+ee 2%, At order e,

similarly,

(d-2)Xs(W) +2wd, Xa(w) + Nip=—F(w).  (74)
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Defining the variable y,=Xs+N7)/(d-2), it is straight-
forward to find the only solution to Eq. (74), which is a
regular function for all values of w, and also turns out to be
scheme independent,

1 w _
ao) == 51wl [t (492 F ). 5
0

As for the function F(w), it is easily obtained by an order €
expansion of the function F (w), taking into account that
(f)*=(f")", and the fact that yj has a contractive IR behav-
ior,

8xsW)/(F)' (w)
L+w+2F WIF) (w)
167 XL )P
[1+w+2F wW/(F) (W)
4 1
LY DF 14w+ 2F () 0

. 16 Fw
L) P [1 4w+ 27 o) () ()

(76)

where the factor p, comes from the ¢ dependence of the
function f(w,?) =f*(w)+ eﬁoe’(d‘z). Note that this factor justi-
fies our initial ansatz for 7, Eq. (69).

After calculating the integral in Eq. (75), which can only
be done numerically, one can impose the chosen renormal-
ization prescription and obtain the numerical value of %
which would complete the calculation of ¥V, If we take the
renormalization condition Y4(w(p=0))=0 used for the nu-
merical results already presented, we find

Lod=2_

7= X (p=0)). (77)
In d=3, numerical integration yields x,(w" (p=0))

=(.028 238, which allows for finding the NLO 1/N expan-

sion correction for v under our approximation scheme:

1.034
v=1-—— (78)
N

which is to be compared with the exact NLO 1/N expansion
result*! y=1-1.081/N; in this case, then, the analytical error
induced by the approximation used in this work is of the
order of 5%, that is, less than that involved in the determi-
nation of 7. Our numerical results seem to reproduce the
analytical value given by Eq. (78), even though the numeri-
cal uncertainty for the quantity N(1—v) grows for N— o (see
Fig. 4).

As in the case of #, the results of this work seem to better
reproduce the large N behavior of the model when compared
with DE or six-loop resummed perturbative calculations. In
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fact, as can be seen in Fig. 4, there appears to be a notorious
disagreement between the expected large N behavior and the
resummed perturbative results of Ref. 40.

VI. CONCLUSIONS AND PERSPECTIVES

In this paper, we calculate the two-point functions of the
O(N) model, in all ranges of momenta, i.e., either the IR, the
UV, or the crossover intermediate region. We use a method
proposed in Ref. 34, which allows for an approximate solu-
tion for any n-point function NPRG flow equation. Although
this method can be systematically improved, in the present
work, we consider only the leading order (LO) of this ap-
proximation procedure. In fact, in order to deal with a sim-
pler numerical problem, on top of the already approximated
flow equation, we have done extra assumptions to simplify
the propagators. Moreover, we have tested two strategies:
While the first one is simpler (we call it strategy I), it misses
the two-loop exactness of the potential; within the second
one (strategy IT), which implies a small extra numerical ef-
fort, the two-loop expression is recovered. We have shown
that both strategies can be justified; in addition, they are
exact both perturbatively and in the large N limit.

We have calculated various quantities to gauge the quality
of the two-point function obtained within both strategies. In
the IR regime, our solutions correctly reproduce the scaling
properties. We have calculated two critical exponents, 7 and
v, for some representative values of N. We got numbers in
reasonable agreement with the best known results available
in the literature, obtained either with lattice or seven-loop
resummed perturbative calculations. Within strategy II, our
numbers turn out to be of the same quality of those obtained
with derivative expansion (DE) at NLO. Notice, however,
that DE is only well suited to reproduce these scaling quan-
tities. When going to large values of N, our numerical results
seem to reproduce the analytically known large N limits,
exactly at the LO and approximately at the NLO in the 1/N
expansion. This also happens with DE results but not with
those from a six-loop resummed perturbative calculation*”
(in fact, as soon as N=5-10, results from Ref. 40 seem to
deviate from the correct large N behavior).

The UV behavior of the O(N) model two-point function
is, of course, very well known: It presents a logarithmic
shape, the precoefficient following from a two-loop calcula-
tion. One can analytically prove that the self-energy follow-
ing from both our strategies does have this logarithmic
shape. Nevertheless, as the LO of the approximate method of
Ref. 34 does not exactly include all two-loop diagrams con-
tributing to the two-point function, the precoefficient is
missed by 8%. We have checked that our numerical results,
within both methods, reproduce these analytical predictions.

The intermediate crossover region between IR and UV
regimes is certainly the most challenging one. In order to
check the quality of our two-point function, we have calcu-
lated a quantity which is particularly sensitive to this mo-
mentum regime. Of course, this number cannot be obtained
with DE and only lattice or resummed perturbative calcula-
tions, as well as analytical large N results, exist. In this case,
our method is largely competitive with the best available
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results, except for the N=2 case, where very precise lattice
results are known. We miss the analytical large N limit for
this quantity by 4%; notice that the calculated quantity is of
NLO in a 1/N expansion, which is not completely included
in our approximate calculation.

Let us finally add a remark concerning our results: As
expected, strategy II is more accurate than strategy I, but the
differences get very small when going to large values of N.
This is related to the fact that in the large N limit, the ap-
proximate propagators we used in strategy I become exact.

Within the NPRG, two ad hoc calculations can be quoted
here. First, in Ref. 27, an approximate solution of the flow
equation including only a limited number of vertices could
be calculated, but the result is unstable when trying to im-
prove the method.' On the other side, in Refs. 28—30, an ad
hoc method which can be considered as the precursor of the
method presented in Ref. 34 is used to get a two-point func-
tion with all the expected properties; nevertheless, acceptable
numbers only follow after an improved NLO order variation
of the method and after a lengthy analytical and numerical
effort.

We have also studied analytically the 1/N expansion of
the critical exponents 7 and v. In fact, as the first order in the
expansion (7=0 and v=1) is trivially reproduced by our cal-
culation, we went up to the second order. In the case of 7, we
found a result 8% smaller than the correct one. As for v, we
get (1-v)N=1.03+0(1/N?), while the correct result is (1
—v)N=1.081+0(1/N?). Here, we miss the correct result by
only 5%. Finally, let us notice that our results seem to repro-
duce the expected analytical predictions. This is a strong
support for our numerics.

To conclude, we observe that this approximate method to
calculate two-point functions at finite momenta within the
NPRG seems to work properly for all values of N. It repro-
duces, already at the LO, all the expected behavior of the
self-energy, giving, in most of the regions of N and p, results
similar to those of the best accepted values in the literature.
Moreover, in the large N limit, one gets the best numbers, if
comparing with DE or resummed six-loop calculations. The
result of this paper thus extend and confirm those already
obtained in Ref. 36 for the Ising universality class.

For the near future, two works are to be developed. As a
natural extension, it would be interesting to go beyond strat-
egies I and II and try to numerically solve the full approxi-
mate equation for the two-point function, Eq. (9). On the
other side, all these works call for an application of this
method to nonperturbative problems, as, e.g., QCD, where
only approximate procedures including a limited number of
vertices have been considered up to now.
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APPENDIX A: THE p=0 SECTOR

Within strategy I, one first solves the flow equations of the
“p=07 sector, i.e., those for the potential V,(p) and the field
renormalization constant Z, (see Sec. III). In fact, this is
nothing but a variation of the local potential approximation
(LPA), which includes a (p independent) field renormaliza-
tion constant.'® Although this is a very well known proce-
dure, its yields depend on the precise definition one uses for
Z,.. As discussed in the main text, in order to describe cor-
rectly the scaling regime, in our case, the flow equation for
Z,. has to be compatible with the approximate Eq. (9) for the
two-point function.

Let us first consider the flow equation for the potential. It
follows from Eq. (21) with the IV functions given by the
analytic expression from Eq. (31). In fact, it is numerically
preferable to solve the flow equation for w(p)=d (p)
which reads

_ Ny
ow,=—(2- +(d-2+ - 1-
We==(2=nIw,+( 7,)PW ( P +2>

X((N—nw;

(1+w,)?

3w+ 25w )
(1+w,e+2pwl)? )

As for Z,, let us first define

AA(p;p)
Zilp) =1+ —27= (A1)
(9[) p=0
IAp(p:p)
Zs(p) = ) (A2)
(9p p=0

whose flow equations follow from those of A, and A. Then,
one imposes the definition of Z, given by Eq. (29). In fact, as
the functions Z,(p, k) and Zz(p, k), as well as the potential,
are zero momentum quantities, it is preferable to define the
following dimensionless quantities [see Eq. (37)]:

Za(p) (~)EZB—(p)
o PTG

Xa(p) = (A3)

The flow equations for y, and yp are then

2p 2xgw’ 1 1

~ Ui 2p
O XA = +(d-2+ +2{1-
Xa= 71X+ ( 7PXA ( 7 +2)[

(I+w+2pw ) 1+w

2p

2x4w") (XA

+ _ -
(1+w)1+w+2pw’ 2(1+w+2pw')?

1

1 1
+2pxy) — Em[(N— Dxy+ 2XB]:| -

(1+w+2pw)? (1 +w)?

2w'?, (A4)
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~ 1 7 2( _1) 1 ’ ~ 1 ’
dxg=(d-2+2 +(d-2+ 21— || =——= '+ ———————— L6 W + 12vew’ +4 T YW
X = ( 7xp+ ( 7)PXp ( d+2)[(1+w)3)(3w (1+W+2ﬁw,)3{ X4 XB POxaw” +3xg
-, 1 2xw' 1 2xpw' 1 (N=1) y 1 1

+2xpw") +8p7 xpw'"} — (5xz

Qrw+2pw 2 (L+w) Q4w (T +w+25w) 20+ w27 2(1+w+ 25w')>

. 1 1 1 XgW' w'? 1 L
+2pxp) + — + — |-(N-1) - —— (9w + 125w’ w
L+w+2pw’  1+w/l+wl+w+2pw (T+w)* (I+w+2pw)
2W/2
+4p"w") + ) A5
) (1+w)> (1 +w+2pw')? (A9
Finally, the value of 7, follows from Eq. (32):
Nxi(p=0)+2xz(p=0
- [Nxi(p=0) +2xp(p=0)] (A6)

[Nx4(p=0)+2x5(p=0)]
d+2

[1+w(p=0)+

In strategy I, the p=0 sector of the theory thus follows from the simultaneous solution of the three flow equations, Eqgs.
(A1), (A4), and (A5), together with Eq. (A6). Equation (A1) is solved starting from the initial condition at k=A:

w(B k= A) =1\ + &P (A7)

where the dimensionless parameters 71, and g, are related to the parameters r and u of the classical action, Eq. (10), by (d
=3)

r . qu

mA A27 gA A 3 (AS)

As for the initial conditions for the functions y, they follow from the definitions in Egs. (A1), (A2), (22), and (23), together
with Eq. (10):

xa(pik=AN)=1, xp(p:k=A)=0. (A9)

The parameter r is adjusted in order to be at criticality at zero external field, i.e., in order to have a vanishing physical mass.
This is achieved imposing the dimensionless mass m>(5=0)=w,(p=0) to reach a finite value when x<u.

APPENDIX B: THE FUNCTION J

In this section, we present the expressions for the function Jf)(p;p; k) defined in Eq. (18). Using the approximate propa-
gators from Egs. (27), (28), (35), and (36), the integral can be done analytically (in d=3). One gets (see Ref. 36 for the N
=1 case) the following.

(@) p>2, 1hy<0,

1 1 nl 5 1
IS (pikip) = 2+—<——+ 3m>+—|: 1+—+ SN ( ——+ p
P :P) 222w (L+m22 | = 2\ 737 78T, (p+ = 1ity) (
_ 2
—1+V—m 1 ( n 7
~27\2 B A P JLANA
+ V- + 1+ +(p— V- 1-—+
' ))] <13+1+v-nag) 217[ p ﬁ) A
_ [ 2 ~2 ~2
—\r—ﬁzz)2>]log pol-N-rip = ! 2 i(l_ﬁ>+i<l_i__§+77_§)
p pri-\—md) | wz2@ap i | P\3 1) T ptlas 105 3 T s
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Finally, going to dimensionless variables, one can define
7
aﬁ(p ﬁ) JaB(p p)_ (BS)
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